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Problem setting

Find u; in V* such that
/Vuk -V, = / f’U].C Y, € Vk (1)
Q Q

3/16



Error

We quantify the discretization error e := u; — u using the energy norm 7., :=
[Velle = [[Vur = Vullo.
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Error

We quantify the discretization error e := u; — u using the energy norm 7., :=
IVella = [[Vur = Vul|o.

Goal: estimate 7 i.e. find a computable quantity 7, such that

Tbw =~ Merr-
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Contributions

A high-level way of expressing Bank—Weiser type error estimators in DOLFIN
and DOLFINx [Bank and Weiser, 1985].

A simple dual-weighted error estimation and marking strategy originally
proposed in [Becker et al., 2011].

A proof of the reliability of the Bank—\Weiser estimator in dimension three
[Bulle et al., 2020].

arXiv: https://arxiv.org/abs/2102.04360
Code: https://github.com/rbulle/fenics-error-estimation
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The Bank—Weiser Estimator

The restriction e of e to any cell T' of the mesh satisfies the equation

/TVeT.VvT = /T(f—Auk)vT—}— Z %/E[[a"ukﬂE”T Yo € HY(T).

EecoT
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The Bank—Weiser Estimator

The restriction e of e to any cell T' of the mesh satisfies the equation

/V6T~VUT ::/(f—Auk)vT—F Z %/ [Onur] yor Yo € HY(T).
T T peor ©VE

On a cell T, the Bank—Weiser problem is given by:

find €2 in V2V such that

1
/ VebV . Vol = / (f — Aug)vd™ + Z —/ [Onur] mop™ Yo € VEv.
T T peor 2 /B
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The Bank—Weiser Estimator

The restriction e of e to any cell T' of the mesh satisfies the equation

/TVeT-VvT: /(f Aug)vr + Z /[[3 up]por Yo € Hy(T).

EGBT

On a cell T, the Bank—Weiser problem is given by:
find €2 in V2V such that

/VegW-VU?W—/(f Aug )™ + Z /ﬂanuk]]EvT VoY € VRV,
T

EEBT

The Bank—Weiser estimator is defined as

ngw = Z ngw,T? Now, T = Hve HT
TeT
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The space V2"
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The space V2V

o Different definitions of V" lead to different variants of the estimator.
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The space V2V

o Different definitions of V2" lead to different variants of the estimator.

* General principle: let V; C VI be two finite element spaces and
Lr: Vi —— V.,
be the local Lagrange interpolation operator,

VPV = ker(Ly) = {vi e Vi, Lo(vf) = 0}.
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Example

For V;t = V2 and V7 = V3

()
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Implementation

We need to compute the matrix A% and vector b5 from

/ Veb¥ . VbV = / (f — Aug v + Z / [Onur] por™ Yo € VEv.
T

EeoT
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Implementation

We need to compute the matrix A>" and vector b5 from

/ Veb¥ . VbV = / (f — Aug v + Z / [Onur] por™ Yo € VEv.
T

EeoT

Problem: the space V¥ is not provided by DOLFIN.
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Implementation

We need to compute the matrix A2 and vector b%" from

1
/ VeV . VbV = /(f — Auy )oY 4 Z —/ [Onur] por™ Yo € VEv.
T T pear 2/E

Problem: the space V¥ is not provided by DOLFIN.
\dea: we rely on the matrix A7 and vector b7 from

1
/Ve;.Vv}’:/(f—Auk)v;—k Z 5/ [Onui] vt Vo € Vi,
T T geor © 7 E

since V! is provided by DOLFIN.
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Implementation

We need to compute the matrix A®Y and vector b from
P T T

1
/ VeV . VbV = /(f — Aug )oY + Z —/ [Onur] por™ Yo € VEv.
T T pear 2/E

Problem: the space V¥ is not provided by DOLFIN.
\dea: we rely on the matrix A7 and vector b7 from

1
/Ve;.Vv;:/(f—Auk)v;—k Z 5/ [Onui] vt Vo € Vi,
T T geor © 7 E

since V1 is provided by DOLFIN. and we look for a matrix N such that:

AP = N*ALN, and b2 = N'b;.
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Algorithm
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J
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In code

def estimate(u_h):
mesh = u_h.function_space() .mesh()
element_f = FiniteElement("DG", triangle, 2)
element_g = FiniteElement("DG", triangle, 1)

N = fenics_error_estimation.create_interpolation(element_f, element_g)

H

V_f = FunctionSpace(mesh, element_f)
e = TrialFunction(V_f)
v
f

TestFunction (V_f)
Constant (0.0)
bes = DirichletBC(V_f, Constant(0.0), "on_boundary", "geometric")

n = FacetNormal(mesh)

a_e = inner(grad(e), grad(v))*dx

L_e = imner(f + div(grad(u_h)), v)*dx + \
inner (jump(grad(u_h), -n), avg(v))#*dS

e_h = fenics_error_estimation.estimate(a_e, L_e, N, bcs)
error = norm(e_h, "H10")

= FunctionSpace(mesh, "DG", 0)

TestFunction(V_e)

eta_h = Function(V_e, name="eta_h")

eta = assemble(inner(inner(grad(e_h), grad(e_h)), v)*dx)
eta_h.vector()[:] = eta

V_e
v =

return eta_h
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Results |

Adaptive finite elements for a Poisson problem:
—Au=0in€, wu=wup onI. Quadratic finite elements.

b - 2,0 4,2
Now Now Now
—— Nres —— r’g"Nz “““ Nerr
1077 3
i Notation ‘ | Ve
1072 kq k_ kt k_
- 3 Mow Vr Vi
] n | Vi +bubble Vi
1073 E

Number of dof
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Results ||

Goal oriented adaptive finite elements for a Poisson problem:

—Au=0inQ, uw=wuponl. Nerr := J(u —u1) = [ (u— up)c, where ¢ is a smooth
Q
weight function.

The estimators are computed using the WGO method from [Becker et al., 2011].

1,0
— NPy —®— Nres = Npw
e N2z —— ng,',vz """ Nerr
1073 o
B + —
3 Notation ‘ Vr Vr
1074 o ky k_ [ F_
3 Mow Vr Vr
1075 4 nt. V2 +bubble  V}
107 E

Number of dof
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Results ||

GO AFEM for a linear elasticity problem:
we used a technique from [Khan et al., 2019] to compute the estimators. The goal functional is

defined by J(uz,p1) := / u, - nc.
r
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Results ||

GO AFEM for a linear elasticity problem:
we used a technique from [Khan et al., 2019] to compute the estimators. The goal functional is

defined by J(uz,p1) := / us - nc.
r

@ Nu/2u||Vuzl| +[lp1l]) (primal) == nu/l/(u2, p1)| (Wgo)
~@- N/(244][V22]| + [[K1]1) (dual)
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Thank you for your attention!
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