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Problem setting

Find uk in V k such that
∫

Ω

∇uk · ∇vk =

∫

Ω

fvk ∀vk ∈ V k. (1)
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Error

We quantify the discretization error e := uk − u using the energy norm ηerr :=
‖∇e‖Ω = ‖∇uk −∇u‖Ω.
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Error

We quantify the discretization error e := uk − u using the energy norm ηerr :=
‖∇e‖Ω = ‖∇uk −∇u‖Ω.

Goal: estimate η i.e. find a computable quantity ηbw such that

ηbw ≈ ηerr.
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Contributions

• A high-level way of expressing Bank–Weiser type error estimators in DOLFIN
and DOLFINx [Bank and Weiser, 1985].

• A simple dual-weighted error estimation and marking strategy originally
proposed in [Becker et al., 2011].

• A proof of the reliability of the Bank–Weiser estimator in dimension three
[Bulle et al., 2020].

• arXiv: https://arxiv.org/abs/2102.04360

• Code: https://github.com/rbulle/fenics-error-estimation
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The Bank–Weiser Estimator
The restriction eT of e to any cell T of the mesh satisfies the equation

∫

T

∇eT · ∇vT :=

∫

T

(f −∆uk)vT +
∑

E∈∂T

1

2

∫

E

J∂nukKE vT ∀v ∈ H1
0 (T ).
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On a cell T , the Bank–Weiser problem is given by:
find ebwT in V bw

T such that
∫

T

∇ebwT · ∇vbwT =
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T
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bw
T +

∑

E∈∂T

1

2

∫

E

J∂nukKE vbwT ∀vbwT ∈ V bw
T .

6/16



The Bank–Weiser Estimator
The restriction eT of e to any cell T of the mesh satisfies the equation

∫

T

∇eT · ∇vT :=

∫

T

(f −∆uk)vT +
∑

E∈∂T

1

2

∫

E

J∂nukKE vT ∀v ∈ H1
0 (T ).

On a cell T , the Bank–Weiser problem is given by:
find ebwT in V bw

T such that
∫

T

∇ebwT · ∇vbwT =

∫

T

(f −∆uk)v
bw
T +

∑

E∈∂T

1

2

∫

E

J∂nukKE vbwT ∀vbwT ∈ V bw
T .

The Bank–Weiser estimator is defined as

η2bw :=
∑

T∈T

η2bw,T , ηbw,T := ‖∇ebwT ‖T .
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The space V bw
T
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The space V bw
T

• Different definitions of V bw
T lead to different variants of the estimator.
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The space V bw
T

• Different definitions of V bw
T lead to different variants of the estimator.

• General principle: let V −

T ( V +

T be two finite element spaces and

LT : V +

T −−−−! V −

T ,

be the local Lagrange interpolation operator,

V bw
T := ker(LT ) =

{

v+T ∈ V +

T , LT (v
+

T ) = 0
}

.
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Example

For V +

T = V 2
T and V −

T = V 1
T
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Implementation
We need to compute the matrix Abw

T and vector bbwT from
∫

T

∇ebwT · ∇vbwT =

∫

T

(f −∆uk)v
bw
T +

∑

E∈∂T

1

2

∫

E

J∂nukKE vbwT ∀vbwT ∈ V bw
T .
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Problem: the space V bw
T is not provided by DOLFIN.
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Implementation
We need to compute the matrix Abw

T and vector bbwT from
∫

T

∇ebwT · ∇vbwT =

∫

T

(f −∆uk)v
bw
T +

∑

E∈∂T

1

2

∫

E

J∂nukKE vbwT ∀vbwT ∈ V bw
T .

Problem: the space V bw
T is not provided by DOLFIN.

Idea: we rely on the matrix A+

T and vector b+T from
∫

T

∇e+
T
· ∇v+

T
=

∫

T

(f −∆uk)v
+

T
+

∑

E∈∂T

1

2

∫

E

J∂nukKE v+
T

∀v+
T
∈ V +

T
,

since V +

T is provided by DOLFIN.
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Implementation
We need to compute the matrix Abw

T and vector bbwT from
∫
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T +

∑
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Problem: the space V bw
T is not provided by DOLFIN.

Idea: we rely on the matrix A+

T and vector b+T from
∫

T

∇e+
T
· ∇v+

T
=

∫

T

(f −∆uk)v
+

T
+

∑

E∈∂T

1

2

∫

E

J∂nukKE v+
T

∀v+
T
∈ V +

T
,

since V +

T is provided by DOLFIN. and we look for a matrix N such that:

Abw
T = N tA+

TN, and bbwT = N tb+T .
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Algorithm

Compute
G

SVD of G
to obtain V

Extract N
from V

Computation of N
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In code
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Results I
Adaptive finite elements for a Poisson problem:
−∆u = 0 in Ω, u = uD on Γ. Quadratic finite elements.
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Results II
Goal oriented adaptive finite elements for a Poisson problem:

−∆u = 0 in Ω, u = uD on Γ. ηerr := J(u − u1) =

∫

Ω

(u − uh)c, where c is a smooth

weight function.
The estimators are computed using the WGO method from [Becker et al., 2011].
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Results II
GO AFEM for a linear elasticity problem:
we used a technique from [Khan et al., 2019] to compute the estimators. The goal functional is

defined by J(u2, p1) :=

∫

Γ

u2 · nc.
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