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Convex variational problems

variational inequalities arise in presence of contact, unilateral conditions
(phase-field), plasticity...

inf  J(u)
uev
st. vuek

J convex function, K convex set
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Convex variational problems

variational inequalities arise in presence of contact, unilateral conditions
(phase-field), plasticity...

inf  J(u)
ueV
st. vuek

J convex function, K convex set

e.g. obstacle problem:
ulren\‘/ /Q%HVuH% dx—/qu dx

st. u>gonQ
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Conic optimization problems

problems become difficult to solve when J is non-smooth (or K complicated)

il )
st. uek
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problems become difficult to solve when J is non-smooth (or K complicated)

Jre'nf/ J(u) + o (u) =: J(u)

Jeremy Bleyer (Laboratoire Navier) March, 26th 2020 3/10



Conic optimization problems

problems become difficult to solve when J is non-smooth (or K complicated)

inf t
ueVv,t "
st. J(u) <t

Jeremy Bleyer (Laboratoire Navier) March, 26th 2020 3/10



Conic optimization problems

problems become difficult to solve when J is non-smooth (or K complicated)

inf t
ueVv,t "
st. J(u) <t
Conic optimization
min  c'x

x€Rn
st. by<Ax<b,

x el x...xKP

where K/ are simple cones
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Conic optimization problems

problems become difficult to solve when J is non-smooth (or K complicated)

inf t
ueVv,t "
st. J(u) <t
Conic optimization
min  c'x

x€Rn
st. by<Ax<b,

x €Kt x ... xKP
where K/ are simple cones
e positive orthant : K/ =R™ = {z € R™s.t. z, >0} => LP
o Lorentz second-order ("ice-cream") cone :
K=0Qm={z=(20,2) e RxR™ st |z|| <z} => SOCP

@ cone of positive semi-definite matrix X = 0 => SDP
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Conic optimization problems

problems become difficult to solve when J is non-smooth (or K complicated)

inf t
ueVv,t "
st. J(u) <t
Conic optimization
min  c'x

x€Rn
st. by<Ax<b,

x €Kt x ... xKP
where K/ are simple cones
e positive orthant : K/ =R™ = {z € R™s.t. z, >0} => LP
o Lorentz second-order ("ice-cream") cone :
K=0Qm={z=(20,2) e RxR™ st |z|| <z} => SOCP

@ cone of positive semi-definite matrix X = 0 => SDP
State-of-the-art interior point solvers: CPLEX, MOSEK, CVXOPT
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A more advanced problem
cQ = ulen\f;o / ||VU||2 dx

s.t. fudx=1
Q

antiplane limit analysis, Cheeger problem, first
eigenvalue of the 1-Laplacian
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A more advanced problem

= |€n\f/ / (IVull2 dx \\ = /

u o 0 \

s.t. fudx=1 E |

o | s

antiplane limit analysis, Cheeger problem, first u = Cst
eigenvalue of the 1-Laplacian 5 :
Difficulties: i E
o ||V but ||Vu|2 = non-smooth w=0

o discontinuous solution = discretization 7 Fmeeeeeeeeeeiooes —
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A more advanced problem

ca = inf / IVull2 dx \‘\ i
u 0 ’ \
s.t. fudx=1
ﬂ | |
antiplane limit analysis, Cheeger problem, first u = Cst
eigenvalue of the 1-Laplacian 5 :
Difficulties: i 5
e [IVulf3 but ||Vul], = non-smooth / w=0 \
@ discontinuous solution = discretization ?  ELEEETIEREEEE =

Conic reformulation:

inf /zo dx
UGVQ,Z
s.t. /qfu dx=1 (SOCP problem)
Q

z=Vu
|Z]l2 < z0 & z € Qyt1
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Conic-representable functions and the fenics_optim package
A convex function F(x) will be conic-representable if it can be written as:

F(x) =min cxx+c,y
y

st. by<Ax+By<b,
yeKtx...xKkP
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Conic-representable functions and the fenics_optim package

A convex function F(x) will be conic-representable if it can be written as:
F(x) = myin cx+cyy

st. by<Ax+By<b,
yeKtx...xKkP

fenics_optim package dedicated to solving problems involving:

J(u):Z/QF,-(z,-(u)) dx

where F; are conic-representable and ¢; are UFL-representable linear operators
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Conic-representable functions and the fenics_optim package

A convex function F(x) will be conic-representable if it can be written as:
F(x) = myin cx+cyy

st. bj<Ax+By<b,
yeKtx...xKkP

fenics_optim package dedicated to solving problems involving:

() :Z/QF,-(&-(U)) dx

where F; are conic-representable and ¢; are UFL-representable linear operators

Ng
Choice of a quadrature rule: J(u) = / F(f(u)) dx = ngF(Lgu)
Q =1

Ng
= min J(u) = um;r; ;wg(CXLgu +cyy,)

st. by < Algxg+ By, <b,
yg €Kt x ... x KP
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auxiliary variables will be implicitly declared on a Quadrature space

class L2Norm(ConvexFunction) : V = FunctionSpace(mesh, "CG", 1)
def conic_repr(self, X): prob = MosekProblem("Cheeger problem")
d = self.dim_x u = prob.add_var(V, bc=bc)
z = self.add_var(d+1, cone=Quad(d+1))
zbar = as_vector([z[i] F = L2Norm(grad(u), degree=0)
for i in range(1, d+1)1) prob.add_convex_term(F)
self.add_eq_constraint(X - zbar)
self.set_linear_term(z[0]) f = Constant(1.)

R = FunctionSpace(mesh, "Real", 0)
def constraint(l):

return 1lxf*xukxdx
prob.add_eq_constraint (R, A=constraint, b=1)

prob.optimize ()
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R = FunctionSpace(mesh, "Real", 0)
def constraint(l):

return 1lxf*xukxdx
prob.add_eq_constraint (R, A=constraint, b=1)

prob.optimize ()

also works with facet measures
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Example on the dual Cheeger problem

dual problem with the same objective

cQ = sup A
AER,cEW
st. M =dive inQ
ol <1
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Example on the dual Cheeger problem

prob = MosekProblem("Cheeger dual')
dual problem with the same objective | 1lamb, sig = prob.add_var([R, VRT])

o — su A f = Constant(1.)
Q= ACR o'p€W def constraint(u):
’ . . return u*(lamb*f+div(sig))*dx
st. M =dive inQ

prob.add_eq_constraint (VDGO, A=constraint,
||O'H2 <1 name="u")

F = L2Ball(sig, quadrature_scheme="vertex")

= H(div)-conforming discretization
prob.add_convex_term(F)

with RT elements (lower bound)

1.0 prob.add_obj_func([1, Nonel)
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Variational cartoon/texture decomposition

Image y = u (cartoon) + v (texture)
Meyer's model (TV + G-norm):

inf /||Vu||2 dx+ al|v] e
u,v Q
st. y=u+v

h = 2 4+ g2l s.t. v =di
where [vig = _ inf {I\/gf + 3]~ st. v = dive)

reformulated as:
inf /||Vu||2 dx
u.g Q
st. y=u+div(g)

lvVe:+ 85l <a

Ly ad L >-norms are conic-representable = SOCP problem
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Variational cartoon/texture decomposition

Image y : represented by a DGO field on a 512x512 finite-element mesh
u,g € CR x RT

prob = MosekProblem("Cartoon/texture decomposition")
Vu = FunctionSpace(mesh, "CR", 1)

Vg = FunctionSpace(mesh, "RT", 1)

u, g = prob.add_var([Vu, Vgl)

def constraint(l):

return dot(l, u + div(g))*dx
def rhs(1l):

return dot(l, y)*dx
prob.add_eq_constraint (Vu, A=constraint, b=rhs)

tv_norm = L2Norm(grad(u))
prob.add_convex_term(tv_norm)

g_norm = L2Ball(g, k=alpha)
prob.add_convex_term(g_norm)

prob.optimize ()
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Variational cartoon/texture decomposition

Image y : represented by a DGO field on a 512x512 finite-element mesh
u,g € CR X RT

Cartoon layer Texture layer

Barbara image
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Conclusions

Package available at https://gitlab.enpc.fr/navier-fenics/fenics-optim
@ UFL syntax for conic-representable functions
@ supports LP, SOCP, SDP, exponential and power cones via Mosek

@ other applications : viscoplastic fluids, limit analysis, topology optimization,
nonlinear membranes/shells, inpainting, optimal transport, etc.

A

limit analysis

flowing region

no-tension material

viscoplastic Bingham fluid

Perspectives
@ other IPM solvers, custom solver ?

@ first-order solvers (proximal algorithms)
@ porting to dolfin-x Bleyer J., TOMS, 46(3), 1-33. 2020
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