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Fractional operators are used in a wide range of different fields such as statistics,
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The spectral fractional Laplacian

Fractional operators are used in a wide range of different fields such as statistics,
hydrogeology, finance, physics...

® Main advantage: they are nonlocal.

* Main drawback: they are nonlocal.
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The spectral fractional Laplacian

Let O C RY, o € (0,2) and f € L*(Q).

(=A)2u=f inQ, u=10 on O (1)
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The spectral fractional Laplacian

Let O C RY, o € (0,2) and f € L*(Q).
(=A)2u=f inQ,  u=0 ondQ.

Let {¢;, \i } .27 € L*(Q) x RT be such that

—sz = )\sz in Q, wz =0 on 8Q, Vi = 1, <o, F00.
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The spectral fractional Laplacian

Let O C RY, o € (0,2) and f € L*(Q).
(=A)2u=f inQ,  u=0 ondQ. (1)
Let {¢;, \i } .27 € L*(Q) x RT be such that
—AY; = Ny in €, ;=0 ondQ, Vi=1, -, 6 +oc0. (2)

The solution w of (1) is defined by

+oo
uzzz:)\;aﬂ(f,%),;z- (3)
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Contribution

We present the first a posteriori error estimator for a numerical method presented
in [Bonito and Pasciak, 2015] for solving the spectral fractional Laplacian.
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Discretization

How to solve (1) numerically ?

A posteriori error estimates for the fractional Laplacian 8/19




Discretization

How to solve (1) numerically ?
Using an integral representation of the solution

+oo
u = C’a/ e™ u, dy,

o0

where w, is solution to

er/Vuy~Vv—|—/uyv:/fv, Vv € Hy(Q).
Q Q Q
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Discretization

® Quadrature discretization: given a quadrature rule {wl,yl}{l_N,

400 N
u= C’a/ e u, dy = C, Z wy e, =: ulV. (6)

I=—N
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Discretization

* Quadrature discretization: given a quadrature rule {w;, yi}Y_ .

+oc0 N

u= C’a/ e u, dy = C, Z wy ey, =: uv. (6)
e I=—N

e Finite element discretization: given a mesh T, on € and V}, a FE space,
N
u =~ Cy Z wy e Uh,y, =+ uhN7 (7)
I=—N
where uy, , solves
e / Vuhyyl - Vo, + / U4, Vn = / fon Yo, € V. (8)
Q Q Q
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o A posteriori error estimation
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A posteriori error estimation

We neglect the quadrature discretization error and we focus on the FE discretiza-
tion error
~ N
07 = e ()
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A posteriori error estimation

We consider the Bank—\Weiser a posteriori error estimator [Bank and Weiser, 1985]
on the parametric problem associated to u,,.
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A posteriori error estimation

We consider the Bank—\Weiser a posteriori error estimator [Bank and Weiser, 1985]
on the parametric problem associated to u,,. For each cell T of 7}, we solve

ezy/ va,yl -Vour + / W4, VT = RT(’UT) Yor € VbW(T) (10)
T T
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A posteriori error estimation

We consider the Bank—\Weiser a posteriori error estimator [Bank and Weiser, 1985]
on the parametric problem associated to u,,. For each cell T of 7}, we solve

ezy/ va,yl -Vour + / W4, VT = RT(’UT) Yor € VbW(T) (10)
T T

The local fractional Bank—Weiser solution is given by

N
wr = C, Z w e wr, . (11)
I=—N
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A posteriori error estimation

We consider the Bank—\\Veiser a posteriori error estimator [Bank and Weiser, 1985]
on the parametric problem associated to u,,. For each cell T of 7}, we solve

ezy/ va,yl -Vour + / Wy, VT = RT(’UT) Yor € VbW(T) (10)
T T

The local fractional Bank—Weiser solution is given by

N
wr = C, Z wy e wry,. (11)
I=—N
The local and global Bank—Weiser estimators are given by
Mow, = [|wr || 2(7), Mo = Z ||wT||2L2(T)' (12)
TeTh
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A posteriori error

estimation

Solves

Parametric

YN Yk-1 Y Yisr i R
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A posteriori error estimation

yn Vit Ve Yen w R
- - Fractional

X7 X7 X7 DEXT DEXT Parametric | Solves | Parametric |Quadrature
i?é‘ ;A?é‘ ;Avveél i%é‘ i%é‘ problems solutions sum gg,’l?t'%"r?

Local . Local Local Local

) drat N
parametric parametric | Solves parametric Quasur;ure fractional e a posteriori
BW problem BW problems BW solutions BW solutions error estimators

Fully local and fully parallelizable.
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Numerical results

Uniform mesh refinement.

P—

10—1 4

—— ||u—upl|20

=5
1079 e ow

1()I*2 2x1072 3x10724x1072 6x1072
h

A posteriori error estimates for the fractional Laplacian 16/19




Numerical results

Uniform mesh refinement[Bonito and Pasciak, 2015].

Frac. pow. | 0.1 03 05 07 09

Th. slope || 0.7 1.1 15 19 20

Err. slope || 0.71 1.11 152 19 2.04

Est. slope || 0.71 1.13 154 1.84 1.91
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Numerical results

Adaptive mesh refinement.

A posteriori error estimates for the fractional Laplacian 17/19




Numerical results

Adaptive mesh refinement.
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Numerical results

Adaptive mesh refinement.

Frac. pow. H 01 03 05 07 09

Th. slope (unif.) || 0.35 0.55 0.75 0.95 1.0
Err. slope (adapt.) || 0.71 1.13 154 184 191
Est. slope (adapt.) || 0.72 1.11 152 1.9 204
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